Objectives
1. Evaluate normalization constant of a 3D normal

distribution.

2. Evaluate different moments.

©Chi Pui Jeremy WONG



Consider the following function:

e—b:z:2

where b is a constant. We would like to know the following

integral:
0 2
/ e " dy
—0o0

It can rewritten in polar coordinate, with the knowledge that
x =rcosf, y =rsinf. The corresponding Jacobian matrix has
the following form:

cosf) —rsinf
sinf rcos6

Determinant of the Jacobian matrix is therefore r.
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27
/ / e~ b(@*+y? )dzvdy —/ / = drdf

=or- [

o —bx? ™
dz =/~
[ =G

Then, we know for three dimensional case that:

This shows that:

™

2b }o:b

/ e_bz2dx/ e_by2dy/ ey = (z
—00 —00 —00 b

%

Therefore, a 3D normal distribution must be normalized as

follows:

1.5
(9> e_b(w2+y2+22)dxdydz
T
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We know that in spherical coordinate:

T rsin 6 cos v
y| = |rsinfsiny (3)
z r cos

With this Jacobian matrix, this can be transformed to spherical
coordinate:

sinf cosy rcosycosf —rsinfsiny
J = [sinfsiny rcosfsiny rsinfcosyp (4)
cos 6 —rsinf 0

The determinant of J is 72 sin#. Then, we have:

by 15
(—) e_bTZTQSiDGdrdew

™
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We are interested in the mean value (r):

(ry = 4%(%)1'5 /OO e 3 dr
0

Pay attention to the integral:

o0 2
/ e r3dr
0

That it can be solved by integration by part. In integration by

part, we have:
b
/ udv = uv
a

‘dv — e dy ‘, v=—

b

a—/abvdu (5)

1.2
ebr

2b

w=r?| |du=2rdr

By setting:
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We then have:

) 2 ,—br2
P2 rTe
/ e U 3dr = —
0

2b

oo —br?
e
= dr?
/0 2b

This gives us:

—br2
/OoebTQT?’dT:{—e Tro——
0 202 lo

Finally,

00 0 g=bro
+ / dr
0 0 2b

(r) =477 5157205 =

4

b
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Now, we are interested in the mean square value (r2):

(r?y = 4#(9) B /OOO rie v dr

s

Integration by part:

—br?
2b

‘u:r?", ‘du:3r2dr‘

‘dv =e " rdr ‘, v =

We get:

o) 3 —br?
) —7r-e

rle " dr = ——
0 2

00 o 3T26—br2
——d
0 +/0 2b "
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o0 2
/ r2e " dr
0



Integration by part for the second time:

)
—e br

2b

u=r| |du=dr

32
dv=e " rdr‘, v =

We have:
3 o] 9 b2 _ 3 _7,2€be2 o /oo efbr2
2b/0 ne dr_2b( % o Ty T2 dr)
_ 31
204b\ b

This is because [ e’ dr = /% therefore

Jo~ edr = V3
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Finally, this gives us:

b1 3 w3 3
2y el 2 T _ 9 315-2-05 _1-15+05 _
) = 47T(7r) 8b2\/; 50 T 2%

One interesting question to ask: what are (zy), (xz) and (yz)?
Let us start with (zy).

b\15 [27 i : g
X = — Sin COS COS U s1n T e T
(zy) () / " quz/)/ 0 39d9/ d
™ 0 0 0

3 [m/b\15 /2“ : " 3
=—/—(—- sin ¢ cos ¢pd¢ / cos 0 sin” 6d6
8?2 b(’ﬂ') 0 0

Solve the integral for 6:

/ cos 6 sin® 0df = / sin® fd sin 6 =
0 0

sint @
4

i
=0
0

Therefore, (zy) =0
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by 1.5 2m s 00
(xz) = (—) / cos wddj/ sin 0 cos 0d9/ e dr
m 0 0 0

It can be found that:

71':0
0

cos2 6
2

/sinGcostGz/ cosfdcosf = —
0 0

Again we obtain (zz) = 0.

1.5 [27 ™ 00
(yz) = (9> / sin ¢di) / sin 6 cos 9d0/ rle " dr
d 0 0 0

Again, foﬂ sinf cos0df = 0, (yz) = 0. Maybe a good question to
ask is ‘What are the values of (x2), (32), (22)?’
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1.5 [2m s 0
(xz) = <é) / cos? 1/1d1/1/ sin® Hdﬁ/ rie v dr
™ 0 0 0

o 2 _inh —i\2
/ cos? Ydyp = / —(e +e )
0 0 4

B /27r Q20 4 =20 | 9
0 4
27 6_2i¢

dip

o 27rdw
0 +/0 o 7

™ ™ 4
/ sin® 0df = —/ (1 —cos?@)dcosf = -
0 0 3

Then, these give us:

<$$>—?<) /0 re dr—%

s

o200

81

0 81
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It is also interesting to evaluate (zyxy), as later this is useful in
evaluating the viscosity of ideal gas.

b\15 [*T 2 "5 % 6 —br?
(xyzry) = (—) / cos” 1) sin d}dd)/ sin Hde/ rle " dr
T 0 0 0

eV LT\ 2 ot _ ity 2
00821/)sin2¢):< i ) ( % )
i

2
2 1 27 ) )
/ cos? ¢ sin? hdip = —— [(64“’2’ + e Yy 2| dyp
0 16 Jo
1 rediv  o—div o
-5
16 L 4: 4q 0
1 <2z'sin4¢)27r .
16 2 o 4
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Next integral to solve:

/ sin® 0df = —/ (1 — cos®6)3dcos
0 0

= —/ (1 —2cos® 6 4 cos* A)d cos
0

= —(COSG)Z—F;(COS?)Q);— é(cos59>;r

2 1 4 2

= (-1-1)+3(-1-1)—=(-1-1)=2—-+=

( )+ 5( ) =< ) st
16
15

Therefore:
4 rb\1.5 [
(xyzy) = —W( ) / 7600 gy
15 0

s
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0o 5 0o e—br2
/ rSe " dr = / 5ridr

5 00 e—br2 5
=2 3r2d
%), 2 o
15 /OO —br2 2
= — e redr
2 J,
15 [e%e) 7b7“2
= dr
TN

B 15
B 16b3
Then, we have:
4w rb\15 15w 1
(wyry) = 15( ) 16b3\/; a2
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In summary, we have the following values:

Average Value

(r) =)
(r?) %
(ry) = (x2) = (yz) 0O
(z2) = (o) = {=2) 3

—
8
<
8
<
~
b
S
|
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