
Objectives

1. Derivation of mass, momentum and energy conservation
using Boltzmann’s equation.
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Rewritting again for the Boltzmann’s Equation, we get:

∂fj
∂t

+vj·∇rfj+
Fj

mj
·∇vj

fj = 2π
∑
i

∫ ∞
−∞

∫ ∞
0

(
f ′if
′
j−fifj

)
vrbdbdvi

(1)
Consider a property of a particle φj . φj can be either mj , mjvj

or
mv2j
2 . Let us first multiply both sides of this equation by φj

and then integrate with respective to vj and then sum over all
j. For right hand side, we have:

2π
∑
j

∑
i

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

φj(f
′
if
′
j − fifj)vrbdbdvidvj
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By inspection, we can know that:∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

φj(f
′
if
′
j − fifj)vrbdbdvidvj

= −
∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

φ′j(f
′
if
′
j − fifj)vrbdbdvidvj

=
1

2

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

(φj − φ′j)(f ′if ′j − fifj)vrbdbdvidvj∑
i

∑
j

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

(φj − φ′j)(f ′if ′j − fifj)vrbdbdvidvj

The double sum operators allow us to exchange the indices i
and j, and thus allowing us to write:∑

i

∑
j

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

(φj − φ′j)(f ′if ′j − fifj)vrbdbdvidvj

=
∑
i

∑
j

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

(φi − φ′i)(f ′if ′j − fifj)vrbdbdvidvj
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∑
i

∑
j

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

φj(f
′
if
′
j − fifj)vrbdbdvidvj

=
1

4

∑
i

∑
j

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
0

(φj + φi − φ′j − φ′i)(f ′if ′j − fifj)vrbdbdvidvj

= 0

This is because φj + φi − φ′j − φ′i = 0. Before any more
derivation, bear in mind that:

v0 =

∑
j ρjmj〈vj〉∑

j ρjmj
(2)

which means:

ρmv0 =
∑
j

ρjmj〈vj〉

ρm =
∑

j ρjmj .
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For the left hand side, if we neglect the force term, we have:∑
j

∫ ∞
−∞

φj
∂fj
∂t

dvj +
∑
j

∫ ∞
−∞

φjvj · ∇rfjdvj

Bear in mind that φj is a function of the coordinate vj, which is
independent of r and t. Therefore, we can write:∑

j

∫ ∞
−∞

∂

∂t
(φjfj)dvj +

∑
j

∫ ∞
−∞
∇r · (vjfjφj)dvj

Putting all these together, we have:∑
j

∫ ∞
−∞

∂

∂t
(φjfj)dvj +

∑
j

∫ ∞
−∞
∇r · (vjfjφj)dvj = 0
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The easiest case is that when φj = mj .

∂

∂t

∑
j

mj

∫ ∞
−∞

fjdvj +∇r ·
∑
j

∫ ∞
−∞

mj(vjfj)dvj = 0

∂

∂t

∑
j

ρjmj +∇r ·
∑
j

ρjmj〈vj〉 = 0

∂ρm
∂t

+∇r · (ρmv0) = 0

If we have φj = mjvj. Let us neglect the summation operator.∫ ∞
−∞

mjvj
∂fj
∂t

dvj +

∫ ∞
−∞

mjvjvj · ∇rfjdvj = 0

∂

∂t
mj

∫ ∞
−∞

vjfjdvj +∇r ·mj

∫ ∞
−∞

vjvjfjdvj = 0
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Attention must be drawn to the second term:

vjvj = (vj − v0)(vj − v0) + 2vjv0 − v0v0

The pressure tensor is defined as:

Pj = mj

∫ ∞
−∞

(vj − v0)(vj − v0)fjdvj

Then we get:

∂

∂t
(ρjmj〈vj〉) +∇r · Pj +∇r · 2ρjmj〈vj〉v0 −∇r · (ρjmjv0v0) = 0

Sum over all j.

∂

∂t
(ρmv0) +∇r · P +∇r · 2ρmv0v0 −∇r · (ρmv0v0) = 0
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∇r · (ρmv0v0) =
∂

∂k
ρmv0,kv0,l = ρmv0,k

∂

∂k
v0,l + v0,l

∂

∂k
ρmv0,k

= ρmv0 · ∇rv0 + v0∇r · (ρmv0)

v0

[∂ρm
∂t

+∇r · (ρmv0)
]

+ ρm

[∂v0

∂t
+ v0 · ∇rv0

]
+∇r · P = 0

ρm

[∂v0

∂t
+ v0 · ∇rv0

]
+∇r · P = 0
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Finally, to derive the energy balance equation, the property
1
2mjv

2
j has to be considered. Without any integration and

summation operator,

1

2
mjv

2
j

∂fj
∂t

+
1

2
mjv

2
jvj · ∇rfj = 0

which can be rewritten as:

∂

∂t

[1

2
fjmj(vj − v0)2 +

1

2
fjmjv

2
0

]
+∇r · fjvj

1

2
mjv

2
j = 0 (3)

Looking at the second term:

v2jvj = (vj − v0)2(vj − v0) + (vj − v0)2v0 + 2(vj · v0)vj − v20vj

(4)

Tackle them one by one: We know that:

qj =
mj

2

∫ ∞
−∞

(vj − v0)2(vj − v0)fjdvj
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ρjv0Ẽj =
v0

2

∫ ∞
−∞

(vj − v0)2fjdvj

Then, after applying integration over all vj:

∂

∂t

[
ρjmjẼj +

ρjmjv
2
0

2

]
+∇r ·

[
qj + ρjmjẼjv0 −

1

2
ρjmj〈vj〉v20

+mj

∫
fj(vj · v0)vjdvj

]
= 0

That integral has to be taken care of. Thinking in terms of
index notation:∑

k=x,y,z

v0,k(vj,k − v0,k)(vj,l − v0,l)

= v0,k(vj,kvj,l − vj,kv0,l − v0,kvj,l + v0,kv0,l)
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This gives us that:

v0 · (vj − v0)(vj − v0) = (vj · v0)vj − (vj · v0)v0 − v20vj + v20v0

We obtain the relation:

(vj · v0)vj = (vj · v0)v0 + v0 · (vj − v0)(vj − v0) + v20vj − v20v0

(5)

mj

[ ∫
fjvjdvj

]
· v0v0 = ρjmj〈vj〉 · v0v0

v0 ·mj

∫
fj(vj − v0)(vj − v0)dvj = v0 · Pj

mjv
2
0

∫
fjvjdvj = ρjmj〈vj〉v20

mjv
2
0v0

∫
fjdvj = ρjmjv

2
0v0
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Now sum over all these terms over j, we obtain:∑
j

[
ρjmj〈vj〉 · v0v0 + v0 · Pj + ρjmj〈vj〉v20 − ρjmjv

2
0v0

]
= ρmv

2
0v0 + v0 · P

The entire equation becomes:

∂ρmẼ

∂t
+

1

2

∂ρmv
2
0

∂t
+∇r ·

[
q + ρmẼv0 −

ρmv
2
0

2
v0 + ρmv

2
0v0 + v0 · P

]
= 0

Look for mass balance relation and material derivative:

Ẽ
∂ρm
∂t

+ Ẽ∇r · (ρmv0) = 0

ρm
∂Ẽ

∂t
+ ρmv0 · ∇rẼ = ρm

DẼ

Dt
1

2

[
v20
∂ρm
∂t

+ v20∇r · ρmv0

]
= 0
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ρm
DẼ

Dt
+
ρm
2

∂v20
∂t

+∇r · q +
ρmv0

2
· ∇rv

2
0 +∇r · v0 · P = 0

ρm
DẼ

Dt
+ ρmv0 ·

∂v0

∂t
+∇r · q + ρmv0v0 : ∇rv0 +∇r · v0 · P = 0

Multiply both sides of the momentum balance by v0.

ρmv0 ·
∂v0

∂t
+ ρmv0v0 : ∇rv0 + v0 · ∇r · P = 0

Then, we get:

ρm
DẼ

Dt
+∇r · q + P : ∇rv0 = 0
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