Objectives

1. Derivation of mass, momentum and energy conservation
using Boltzmann’s equation.
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Rewritting again for the Boltzmann’s Equation, we get:

8ftj +vj- rf] J vva] = 271'2/ / f f fzf])vrbdbdvl
(1)

Consider a property of a particle ¢;. ¢; can be either m;, m;v;
2

or m; 2. Let us first multiply both sides of this equation by ¢;
and then integrate with respective to vj and then sum over all
j. For right hand side, we have:

27r%:§1:/_z /_O; /OOO ¢ (fi f; — fifj)vrbdbdvidv;
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By inspection, we can know that:

| [ [ ettt = nisybivaviass
] | U~ b
/ / / )(f1f} — fif;)vrbdbdvidv;

ZZ / / / — §)([fif; — fif)vrbdbdvidv;

The double sum operators allow us to exchange the indices ¢
and j, and thus allowing us to write:

ZZ/ / / — $)([fif; — fif;)vrbdbdvidv;
"2 | [ @ oottt = fenbavavids,
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22 | [ [ einisi= apubanivias,

1 o0 o0 (e}
=-> ) (5 + i — & — S(FLf} — fifj)vrbdbdvidv;
350 N N AR R R TY R

=0
This is because ¢; + ¢; — gi);- — ¢, = 0. Before any more
derivation, bear in mind that:
> P (Vj)
Vg = —e——— (2)
Zj Py
which means:
pmvo =) pjm;{vj)
J
Pm = D5 Py
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For the left hand side, if we neglect the force term, we have:
/ ¥; a]d + Z/ v - Vs fidvi

Bear in mind that ¢; is a function of the coordinate vj, which is
independent of r and t. Therefore, we can write:

oo a [e.e]
Z/ 5 (9 fi)dvs +Z/ Vi - (vifi0;)dv;
i it
Putting all these together, we have:

o0 8 o0
Z/ 57 (93fi)dvi + Z/ Vi (vifjd;)dvy =0
j T i v
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The easiest case is that when ¢; = m;.

o 0o 0o
a Zm]’ /;OO fjde + V- Z /_Oo mj(ijj)de =0
J J

0
e Y pimi+ Ve Y pimi(vy) =0
j j

Opm
%‘f‘vr'(pmVO):O

If we have ¢; = m;v;. Let us neglect the summation operator.
mjVjEde + m;v;vj - Ve fjdvy; =0
—o0 —00

o oo 0
8tTTLj/ ijjde + V- mj/ Vjijjde =0

—00 —00
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Attention must be drawn to the second term:
vivj = (vj — vo)(Vj — Vo) + 2VjVo — VoVo

The pressure tensor is defined as:
[e.e]
Pj =m, / (Vi = vo)(vj = Vo) fjdvj
—0oQ
Then we get:

0
a(pjmj <VJ>) + Vr . Pj + Vr . ijmj<vj>v0 — Vr . (pjmjvovo) =0

Sum over all j.

0
&(PmVO) + Ve P+ Vi 2p,vovo — Ve (pmvovo) =0
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Ve ( ) 0 0 n 0

. vaoV = — V VU = V) U U (Y

r - (PmVoVo 8k:pm 0,kV0,0 = Pm Okak 0,1 Olakpm 0,k
= pmVo - Vevo + voVe - (pmVo)

vo ag;n + V- (PmVo)} +pm[aat +vp - erO:| +V,-P=0
[%Jrvo Vrvo} +V,y-P=0
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Finally, to derive the energy balance equation, the property

%mjvjz has to be considered. Without any integration and

summation operator,

1 .2 of;
m;v; atj + m]v]vJ Vefi =0
which can be rewritten as:
0

1
8t[ fimi(vj —vo)® + fymﬂ’o + Vi - fJVJQmJ vi=0 (3)

Looking at the second term:

v]?vj = (vj — v0)2(vj —vo) + (v; — vg)*vo + 2(vj - vo)vj — vgvj

(4)

Tackle them one by one: We know that:

qj = T;LJ/ (vj — v0)?(vj — Vo) fjdv;

—00
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B Yo [T e
PjvoLyy = 9 (vj — o)~ fidv;
—00

Then, after applying integration over all v;j:

o _ p-m-v2 ~ 1
o [pjijj + ]7”} + V- [QJ + pjm;iEjvo — =pjm;(vj)ug

2 2
—I—mj/fj(Vj -vo)vjdvj| =0

That integral has to be taken care of. Thinking in terms of
index notation:

D vor(vik = vor) (v —voy)

k=xz,y,z

= 00,5(VjkVj,1 — VjkVo,L — Vo,kVj1 + Vo,kv0,1)
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This gives us that:

vo - (vj — vo)(vj — vo) = (vj - vo)vj — (Vi - Vo)vo — U3V + v5vo

We obtain the relation:

\ \ 2 2
(vj-vo)vy = (vj-Vvo)vo+ Vo (vj—vo)(vj— Vo) +v5Vj — vjVo

(5)
mj[/ijjde} “Vovo = pjm;{vj) - Vovo
Vo my / fivi —vollvy = vo)dvy = vo - P;
mjvg/fjvjdvj = pjmj<vj)vg

2 2
m;jvgvo / fidvi = pjmjvgvo
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Now sum over all these terms over j, we obtain:
> [ijj (v5) - vovo + vo - Pj + pjm;{vy)vg — ijjU(%VO}
J
= pm’USVO “+vo - P
The entire equation becomes:
dpmE n 1 0pmvd
ot 2 Ot

2
~ )

+ V- [q—kmevO— p”; 0V0+megV0+V0~P}

0

Look for mass balance relation and material derivative:

_ 9 .
E% + EVy - (pmvo) =0
E - DE
Pma + pmVo - Vel = pmﬁ
17 ,0
3 v%% + U%Vr cpmVo| =0

©Chi Pui Jeremy WONG 12



DE o A%
pmﬁ+p7m7;+vT'q+pﬂ;O'Vr03+vr'V0'P=0
DE ov
pm—— + pmV0 - = + Vi - q+ pmVovo : Vevo+ Ve -vo-P =0
Dt ot

Multiply both sides of the momentum balance by vg.

ov
PmVO'aitO+pmVoVoier0+V0'Vr'P:0
Then, we get:
E
pmﬁ+vr’q+P3erO:0
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