
Objectives

1. Basic introduction to vector and tensor.

2. Continuum mechanics.
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P =

pxx pxy pxz
pyx pyy pyz
pzx pzy pzz

 , v =

vxvy
vz

 , ∇r =

∂/∂x∂/∂y
∂/∂z


Alternatively, we can do the math in index notation:

∇r · v = ∂kvk =
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

vv = vkvl =

vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz


Operation on pressure tensor:

∇r · P = ∂kpkl =

 ∂
∂x(pxx + pxy + pxz)
∂
∂y (pyx + pyy + pyz)
∂
∂z (pzx + pzy + pzz)


k and l can be x, y, z as we have three directions.
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Finally, we have the dydiac product.

vv : ∇rv = vkvl∂lvk =
∑

k=x,y,z

∑
l=x,y,z

vkvl
∂

∂l
vk

And it is a scalar.

Three fundamental laws:

1. Mass conservation.

2. Momentum conservation.

3. Energy conservation
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Mass Conservation

m =

∫
V
ρ(r, t)dr

dm

dt
=

∫
V

∂ρ(r, t)

∂t
dr

Applying divergence theorem:

dm

dt
= −

∫
V
∇r · (ρv)dr

Then, we have:

∂ρ

∂t
+∇r · (ρv) = 0
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Momentum Conservation

mv =

∫
V
ρ(r, t)vdr

dmv

dt
=

∫
V

∂ρv

∂t
dr = −

∫
V
∇r · (ρvv + P)dr

Then we get:

v
∂ρ

∂t
+ ρ

∂v

∂t
+ v∇r · (ρv) + ρv · ∇rv +∇r · P = 0

ρ
∂v

∂t
+ ρv · ∇rv +∇r · P = 0

Define the material derivative as D
Dt = ∂

∂t + v · ∇r.

ρ
Dv

Dt
+∇r · P = 0
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Energy Conservation

E =
mv2

2
+mẼ =

∫
V

(ρv2
2

+ ρẼ
)
dr

dE

dt
=

∫
V

[
ρv · ∂v

∂t
+
v2

2

∂ρ

∂t
+ ρ

∂Ẽ

∂t
+ Ẽ

∂ρ

∂t

]
dr

= −
∫
V
∇r · (

ρv2

2
v + q + v · P + ρẼv)dr

Then we get:

ρ[v · ∂v
∂t

+
∂Ẽ

∂t
] + [

v2

2
+ Ẽ]

∂ρ

∂t
+∇r · (

ρv2

2
v + q + v · P + ρẼv) = 0

[v2
2

+ Ẽ
][∂ρ
∂t

+∇r · (ρv)
]

+ ρv · Dv

Dt
+ v∇r : P

+∇r · q + P : ∇rv + ρ
DẼ

Dt
= 0
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∇r · q + P : ∇rv + ρ
DẼ

Dt
= 0

We can see the origin of the dydiac product term more clearly
by writing ∇r · v · P in index notation.

∇r · (v · P) = ∂lvkpkl = vk∂lplk + pkl∂lvk = v∇r : P + P : ∇rv

where we have assumed tensor is symmetrical that pkl = plk.
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